We have obtained soliton solutions in the optical and acoustic branches by considering the long wavelength or continuum limit of diatomic lattices in three nonlinear potential regimes: cubic, both cubic and quartic. as well as fourth and sixth order nonlinearity in the nearest neighbour interactions. In the first two cases \ve get in the acoustlc region KdV -type solitons and in the optical region nonlinear Schrodinger type amplitude modulated envelope solitons, where as in the later case we get MKdV -type acoustic solitons and tanh-kink-antikink optical solitons. These tanh-kink solitary waves can be used to account for the structural phase transiti(ln in perovskite ferroelectrics. § 1. Introduction Fermi, Pasta and Ulam'sl) unexpected numerical result of 1955 together with Zabusky's2) theoretical explanation stimulated a great variety of research works on nonlinear lattices especially lattice solitons. Structural phase transition and the associated soft mode and central peak phenomena 3 ) observed in the ferroelectric crystals like SrTi0 3, BaTi03, KTa03 as well as propagation of heat pulses 4 ) in N aF crystal can be better understood in the light of the solitonic solutions of nonlinear lattice systems in the long wavelength limit. But almost all the works in this direction are limited to different lattice models with one atom per unit cell, where as it is well known that the above mentioned crystals have a diatomic structure along (00) direction. However, very recently some attempts:;)~X) have been made to study the nonlinear diatomic chain and its soli tonic solutions. Earlier 61 we have used a procedure for obtaining sech-type soliton solution in the acoustic region for a nonlinear diatomic lattice. Buttner et al.7) applied a similar procedure to study a diatomic lattice model with quartic nonlinearity and obtained MKdV-type solitons in the acoustic region and Krumhansl-Schrieffer (KS )-type kink-antikink solutions in the optical region. Here main purpose 1S to solve the coupled equations for the diatomic lattice in the continuum limit. When these coupled equations are solved exactly they \vould lead to a relation bet\veen the displacements of the two dissimilar atoms. But as
Fermi, Pasta and Ulam'sl) unexpected numerical result of 1955 together with Zabusky's2) theoretical explanation stimulated a great variety of research works on nonlinear lattices especially lattice solitons. Structural phase transition and the associated soft mode and central peak phenomena 3 ) observed in the ferroelectric crystals like SrTi0 3, BaTi03, KTa03 as well as propagation of heat pulses 4 ) in N aF crystal can be better understood in the light of the solitonic solutions of nonlinear lattice systems in the long wavelength limit. But almost all the works in this direction are limited to different lattice models with one atom per unit cell, where as it is well known that the above mentioned crystals have a diatomic structure along (00) direction. However, very recently some attempts:;)~X) have been made to study the nonlinear diatomic chain and its soli tonic solutions. Earlier 61 we have used a procedure for obtaining sech-type soliton solution in the acoustic region for a nonlinear diatomic lattice. Buttner et al. 7 ) applied a similar procedure to study a diatomic lattice model with quartic nonlinearity and obtained MKdV-type solitons in the acoustic region and Krumhansl-Schrieffer (KS )-type kink-antikink solutions in the optical region. Here main purpose 1S to solve the coupled equations for the diatomic lattice in the continuum limit. When these coupled equations are solved exactly they \vould lead to a relation bet\veen the displacements of the two dissimilar atoms. But as it is difficult to solve the coupled equations exactly, an expansion relation is assumed between the displacements, such that it would reduce to the harmonic case when nonlinearities are absent and also. for equal mass case. it would describe known solitary ,,'aves. A different approach is due to Yajima and Satsuma.
S )
They found coupled equations similar to the interacting Langmuir wave equations in ion acoustic plasma and obtained coupled soliton solutions. There the normal mode coordinates are related with the solitary waves. Since it is not possible to solve the coupled equations exactly, they have also used approximations at different stages to obtain solutions which reveal amplitude modulation of optical waves.
We follow the former approach to study a diatomic lattice with quartic and sixth order nonlinearity and obtain MKdV type solitary wave solutions in the acoustic region. In the optical branch with proper choice of the force constants we get kink-antikink solutions which exhibit first order phase transition. With other choice of force constants the system may show second order phase transition. Further we have extended the method to lattices with even and odd powered nonlinearities. Extension of our procedure to cp6 case (discussed in § 3)
is straightforward even though the algebra is very much involved and cumbersome. and it shows that this approach is neat in getting the long-wavelength-limit solutions of diatomic lattice, with polynomial potentials having even powered terms. But it is not easy when odd powered nonlinearities are present, particularly the reduction of the coupled nonlinear equations to a single equation in the optical branch requires some other technique. Here we have used reductive perturbation method 9 ) and obtained a nonlinear Schrodinger equation in the optical region which describes amplitude modulated envelope solitons. § 2. Diatomic lattice with even and odd powered nonlinearities
l. With cubic nonlinearity
We consider a diatomic lattice as shown lJ1 Fig. 1 the n-th cell are given by
To solve Eqs. (2) in the continuum limit we use the following expressions:
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Here h stands for lattice separation which is assumed to be infinitesimally small in the long wave length limit, so that x = nh behaves as a continuous variable.
Prime stands for partial differentiation with respect to x and dot with respect to time. 61,62,63,64 are expansion coefficients, P=l, 2, a and 6 are constants.
get Using Eqs. (3a) and (3b) and going through some algebraic simplifications, we
Substituting Eqs. (4) in Eqs. (2), we find that, for a=l, Eqs. (2a) and (2b) result in the same differential equation when 61, 62, 63 and 64 are properly adjusted. We have retained terms of the order of h4. The algebraic calculations are very cumbersome and ultimately we find 6'S as follows:
_ 2(2MI-M2)
63-MI + M2 (5) Now both the equations of motion (2a) and (2b) result in the following single 
(6b) 
We use Eq. (3b) and match the coefficients of equal powers of h In order to transform them to a single equation which is given by
Here y == YIn and terms of order higher than h Z are neglected. This is equivalent to considering terms up to h4 for the case a= 1, because in that case velocity c~ h Z and hence equation contains terms up to h Z only. Equation (Sa) is a linear equation whose solution is a travelling wave of the form exp( ± iB). Simplicity of the structure of Eq. (Sa) is because of the imposition of conditions (Sc) and (Sd). To visualize the effect of Eqs. (Sc) and (Sd) on the travelling wave, we consider all the three equations (Sa), (Sc), (Sd) together in the following form: We discuss equation (15) Fig. 1 are gIven: -1Y( (JI a-I 
Form of EQs. (22a) and (22b) shows that it can also be treated by the derivative expansion method and we can get amplitude modulated waves and envelope solitons in a manner similar to that adopted in § 2.1. § 3. Diatomic lattice with ifJ6 type nonlinearity
The nearest neighbour interaction potential is taken as
The equation of motion for Yin and Y2n of the diatomic lattice of Fig. 1 becomes
Using EQs. (3a) and (3b) and proceeding exacly in a similar manner as described in § 2, we can obtain the long wavelength limit of EQs. (23). For a= 1 
In our model, if k4 is taken negative and magnitude of k4 and k6 are so chosen that ).2 becomes negative as well as A<O, B>O and C>O, then Eq. (30a) will exhibit first order phase transition. The transition temperature is determined by the condition A2=4BC. Equation (30a) can now be written as At g=9/8, the kink solutions are
Here ( +) and ( ~ ) represent kink and antikink solutions respectively. Stability of these kink solutions are considered by Lohe ll ) and the thermodynamics by Behera and Khare using the functional integral method along with the transfer rna trix technique. IO ) The terms appearing in the right-hand side of Eq. (27a) may be interpreted as factors which will give the coupling between optical and acoustic solitons in a more general theory. As a first approximation if these coupling terms are put equal to zero, the resulting equation with suitable choice of k2, k4 and kG can explain structural phase transition in the light of mean field approximation. This simple approximate picture illustrates that the phase transition depends upon the mass ratio. In order to take account of these coupling terms whose contribution, at best will be of the order of h 2 , we have used averages in the harmonic approximations. The resulting Eq. (29) can be utilized to explain either first or second order phase transition with appropriate choice of k2 and k4 as well as their sign. With a particular choice of k2 and k4 we have obtained Eq. (32) which gives kink and antikink solutions in the optical region. This tanh-kink solutions exhibit first order phase transition and also give an explanation for the central peak phenomena. This is also in agreement with the experimental data on SrTi03, BaTi0 3 and KTa03 indicating that the soft mode frequency does not vanish In all the three nonlinear systems considered in § § 2 and 3, we get soli tonic solutions for a=l and a= -MI/M2. In the harmonic limit, i.e., when k3=k4=k6 = 0, a= 1 and a= -Mil M2 they lead respectively to the acoustic and optical mode solution. For nonlinear lattices of § § 2. 1 and 2.2 we find KdV-type solitons in the acoustic region where as in the optical region we get a travelling wave solution whose amplitude modulation is determined by a nonlinear Schrodinger equation, thus giving envelope soliton solutions. For the nonlinear diatomic lattice of § 3 we obtain MKdV type acoustic solitons and tanh-type kink-antikink solutions in the optical branch.
Buttner et a1. 7 ) have studied a diatomic model with fourth order nonlinearity with a view to explain the characteristics of structural phase transition in oxidic perovskites which has a diatomic structure in the (l00) direction. Prior to this, efforts were limited only to monatomic models. Their work indicates that a special type of double-well potential assumption 3 ) is more stringent than necessary. Again it shows that the phase transitions are determined by the mass ratio. The tanh-kink and antikink modes obtained by them in the optic brance play the same role as Krumhansl Schrieffer (KS) mode in explaining structural phase transition. Since KS mode is unable to explain the central peak phenomena particularly when approached from above,'O) their work also suffers from the same drawback. Here we have considered a diatomic lattice with fourth and sixth order nonlinearity and obtained tanh kink and antikink solutions in the optical region which exhibits first order phase transition and is capable of explaining the central peak phenomena. In addition our model shows that the ferroelectric phase transition in oxidic perovskites is dependent upon the mass ratio and also there is no need in assuming a special type of triple well potential. lO ) The solitary wave solutions which are usually visualized as originating from triple well potentials at the lattice sites of a monatomic chain may be derived from the quartic and sixth order interaction potentials of a diatomic chain.
To our knowledge, the convenient way of studying the coupling in nonlinear diatomic case is that of Yajima and Satsuma.
)
It discusses the solutions in terms of normal mode coordinates whose relation with the actual displacements is very complicated and it is difficult to visualize the soliton like behaviour of the displacements. Though our method is not specifically intended to study the coupling which must arise due to nonlinearity, we find it useful in visualizing the soli tonic solutions for diatomic lattices particularly in the optical region. In our method for different values of expansion coefficients we get two single equations for a=l and a=-MIIM2 instead of original coupled equations, only because an expansion relation is assumed between Y2n and Yin. This does not necessarily mean that the coupled nonlinear equations are separable into two equivalent indepedent equations. On the contrary, the information contained in the coupled equations are retained by the single equation. Thus in ¢6-case the right-hand side of Eq. (27a) is reminiscent of this coupling and for the purpose of visualizing the approximate nature of solutions we follow an averaging scheme and obtain tanhkink-antikink solutions, to a first approximation. This is better exemplified in the case with odd type nonlinearities where instead of getting a single equation one gets an equation representing a travelling wave and two other relations which can be visualized as modulating the amplitude of the travelling wave so as to give envelope solitons.
